We study the quasiparticle excitations around a single vortex in the superconducting topological insulator Cu x Bi 2 Se 3 , focusing on a superconducting state with point nodes. Inspired by the recent Knight shift measurements, we propose two ways to detect the positions of point nodes, using an explicit formula of the density of states with Kramer-Pesch approximation in the quasiclassical treatment. The zero-energy local density of states around a vortex parallel to the c-axis has a twofold shape and splits along the nodal direction with increasing energy; these behaviors can be detected by the scanning tunneling microscopy. An angular dependence of the density of states with a rotating magnetic field on the a-b plane has deep minima when the magnetic field is parallel to the directions of point nodes, which can be detected by angular-resolved heat capacity and thermal conductivity measurements. All the theoretical predictions are detectable via standard experimental techniques in magnetic fields.
The discovery of topological insulators and superconductors attracts a great deal of attention in condensed matter physics. A nontrivial topological feature of the bulk state shows up in the edge boundaries with closing of insulating or superconducting gaps. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] The Majorana fermion (a gapless zero-energy quasiparticle) in topological superconductors is a curious particle whose annihilation and creation operators are identical. A quest for the Majorana fermions is now an exciting issue.
A typical topological insulator Bi 2 Se 3 characterized by a Z 2 topological invariant shows superconductivity with Cu intercalating. [12] [13] [14] [15] The copper-doped bismuth-selenium compounds are candidates for bulk topological superconductors. Although their properties are studied actively, [16] [17] [18] identifying the gap-function type is an unsettled issue. Several groups observed zero-bias conductance peaks (ZBCPs) by point contact spectroscopy. 16, 17 The measured ZBCPs can be evidence of topological superconductivity, since the topologically protected gapless Majorana fermions form at the edges. However, Levy et al. reported scanning tunneling spectroscopy (STS) measurements in Cu 0.2 Bi 2 Se 3 . The tunneling spectrum shows that the density of states (DOS) at the Fermi level is fully gapped, without any in-gap states; a fully-gapped non-trivial superconductivity occurs in Cu 0.2 Bi 2 Se 3 . Thus, clear evidence of the topological superconductivity is now in great demand.
The recent Knight-shift measurements 19 show the presence of in-plane anisotropy in Cu x Bi 2 Se 3 ; this anisotropy can be related to the nodal characters of the superconducting state on a-b plane, 20 since the electronic structure in normal states is isotropic. A theoretical model 15, 21 of this superconductor predicts that within on-site pairing interaction there are four different pairing symmetries, classified by the D 3d pointgroup representations (A 1g , A 1u , A 2u , and E u ). The odd-parity A 1u state (so-called ∆ 2 ) is fully gapped, whereas the oddparity A 2u and E u states (∆ 3 and ∆ 4 , respectively) have the point nodes. Thus, the anisotropic Knight shift suggests that Cu x Bi 2 Se 3 is a topological superconductor with breaking the rotational isotropy.
An anisotropy feature originating from nodes in a superconducting state is detectable in Cu x Bi 2 Se 3 by various ways. The angle dependence of the thermal conductivity in the basal a-b plane predicts 22 distinct strong anisotropy in the E u representation, without magnetic fields. Detecting quasiparticle excitations around a vortex is also useful for determining point nodes. A pattern of the local density of states (LDOS) around a vortex, which can be detected by scanning tunneling microscopy/spectroscopy(STM/STS), have strong anisotropy in unconventional superconductors, since the spectrum due to the Andreev bound states around a vortex is sensitive to the anisotropy of the pair potential. [23] [24] [25] [26] [27] [28] Furthermore, thermal transport measurements such as heat capacity and thermal conductivity measurements with a rotating magnetic field are probes for node positions in unconventional superconductors. 29, 30 Let us here discuss what is an efficient and intuitive way to seek the unconventional properties of the topological superconductor. A clue is the quasiclassical approach of superconductivity. 31 The author showed that the odd-prity superconductivity in topological superconductors turns to the spintriplet one in terms of the quasiclassical treatment. The original massive Dirac Bogoliubov-de Gennes (BdG) Hamiltonian derived from a tight-binding model represented by an 8 × 8 matrix is reduced to a 4 × 4 matrix. This indicates that lowenergy nontrivial quasiparticle excitations in the topological superconductors can be analyzed using established theoretical techniques of the spin-triplet superconductors. With the use of the Riccati parametrization, equations of motion of quasiclassical Green's function represented by a 4 × 4 matrix be-comes two Riccati-type differential equations represented by 2 × 2 matrices. In addition, if the effective gap function ∆ eff is unitary (∆ † eff ∆ eff ∝ 1 2×2 ), the quasiclassical Green's function is obtained by solving two Riccati-type differential equations with 1 × 1 scalar coefficients. We use Kramer-Pesch approximation (KPA) for these scalar Riccati equations to analyze the field-angle-dependent low-energy excitations around a vortex, which has been used in various kinds of unconventional superconductors. 25, 32, 33 In this paper, we study the quasicparticle excitations around a vortex in the three-dimensional superconducting topological insulator Cu x Bi 2 Se 3 , focusing on a superconducting state with point nodes. Using the quasiclassical treatment, we derive Riccati-type first-order differential equations with scalar coefficients related to the original massive Dirac Hamiltonian. The KPA to study the Andreev bound states leads to an explicit formula of the LDOS around a single vortex. We propose two ways to detect the in-plane anisotropy of the topological superconductivity. In the magnetic field parallel to the c-axis, a twofold shape of the LDOS pattern around a vortex at zero energy splits along the nodal direction with increasing energy; this is detectable in the standard STM measurements. In the magnetic field perpendicular to the c-axis, an angular dependence of the DOS on a rotating magnetic field on the a-b plane has deep minima when the magnetic field is parallel to the directions of point nodes; the angular-resolved heatcapacity and thermal-conductivity measurements may show this behavior.
We study a model of a topological superconductor in a three-dimensional system, with mean-field approximation. As for the normal parts, the effective Hamiltonian with a strong spin-orbit coupling around the Γ point is equivalent to that of the massive Dirac Hamiltonian with the nega- 
with the normal-state Hamiltonian
and the 4 × 4 pairing potential matrix ∆ pair . The 4 × 4 matrices γ µ (µ = 0, 1, 2, 3) are the Gamma matrices in the Dirac basis. Using the Pauli matrices σ i and s i in orbital and spin spaces, we have γ 0 = σ 3 ⊗ s 0 and γ i = iσ 2 ⊗ s i , with a unit 2 × 2 matrix s 0 . Within on-site interaction, the pair potential ∆ pair must fulfill the relation ∆ T pair = −∆ pair owing to the fermionic property. We have six possible gap functions classified by a Lorentz-transformation property; 22 they are classified into a pseudo-scalar, a scalar, and a polar vector (four-vector). A direction of point nodes is parallel to that of polar vectors, since the rotational symmetry is preserved around this direction (See, Appendix B in Ref. 22) . Thus, we propose a pair potential with point nodes in θ N -direction on a-b plane,
= f (r)
Diagonalizing the BdG Hamiltonian in the uniform system, we find that the point-nodes are located at
The momentum-independent gap function ∆ pair (r) makes anisotropic energy spectrum, although the Fermi surface of the normal state is spherical in this model. In this paper, we focus on physics originating from the point nodes in the topological superconductor, from a phenomenological point of view, although the microscopic superconducting mechanism supporting the Knight-shift measurements is quite interesting. Here, we use the quasiclassical approach, to reduce the 8×8 matrix to a 4 × 4 one. 31 Using this approach, we show the fact that an odd-parity superconductivity in topological superconductors maps into a spin-triplet one. According to Ref. 31 , the quasiclassical Andreev equations with 4×4 matrix eigenequations are
with the 2 × 2 effective pairing potential matrix ∆ eff . Considering the odd-parity gap functions, ∆ eff (r, k F ) is defined by 
where the 2 × 2 matrix coefficientsâ andb obey 2 × 2-matrix Riccati equations, 25, 37-42
Here, ω n denotes the Fermion matsubara frequency. Considering clean superconductors in the type-II limit, we neglect the self-energy part of the Green's function and the vector potential. The following results do not change qualitatively, with taking impurity self-energies, as far as the point-nodes do not vanish in a dirty system. Assuming that the effective pairing potential matrix ∆ eff is a unitary matrix (∆ †
, we obtain scalar Riccati equations,
where the scalars a ′ , b ′ and ∆ are defined byâ ≡ a
/|d(k F )| and ∆ ≡ f (r)|d(k F )|, respectively. Since these equations contain ∇ only through v F · ∇, the above equations reduces to a onedimensional problem on a straight line, the direction of which is given by that of the Fermi velocity v F . Considering the cylindrical coordinate frame (r, α, z) withẑ H in the real space, the pair potential ∆ does not depend on z in the Riccati equations, and hence the Riccati equations can be rewritten as (14) where v F⊥ (k F ) is an amplitude of the vector v F⊥ perpendicular to the z axis taken by projecting the Fermi velocity. Here, the argument s(y) is along the direction parallel (perpendicular) to v F⊥ . Let us introduce the KPA as an efficient method to analyze the angle-resolved experiments. The zero-energy density of states around a vortex given by KPA is consistent with that of direct numerical calculations, as seen, e.g., in Ref. 32 . We expand the Riccati equations up to first order with respect to energy and the imaginary part of the pair function. 43, 44 For a single vortex, we adopt the spatial variation of the pair potential expressed by
with the cylindrical coordinate r = (r, α, z). The LDOS with the use of KPA is given as
where η is the smearing factor, dS F is the Fermi-surface area element, and
The quantity r 0 is defined by where the function K n (x) is the modified Bessel function of the second kind. Now, we study the LDOS pattern around a vortex in the magnetic field parallel to the c-axis. For simplicity, we adopt y-Polar-vector type gap function (so-called ∆ 4 in Ref. 16) , where the point nodes are located on the k y axis (θ N = π/2). We set the smearing factor η = 0.05∆ ∞ Near zero energy, the bound states spread to the anti-nodal direction as shown in Fig. 1(a) and Fig. 1(b) . In contrast, with increasing energy, the bound states spread to the nodal direction as shown in Fig. 1(c) and Fig. 1(d) . These results indicate that a twofold shape of the LDOS pattern at zero energy splits along the nodal direction with increasing energy. In Figs.1(a)-(b) , the shape is elliptic spreading in the x-direction. On the other hand, in Figs.1(c)-(d) , the peak position is located on the y axis. The shape of the LDOS pattern was discussed in terms of the enveloping curve of the quasiparticle paths. 24 The LDOS in d-wave superconductors spreads to the nodal direction at the zero energy, since there is the asymptote of the trajectory in the nodal direction. 24 However, the trajectory in this system is a parabola. The zero-energy LDOS spreads to the anti-nodal direction, since the anti-nodal quasiparticle paths are dense near the vortex because of the sharp curve of trajectory. The split of the LDOS pattern is evidence of unconventional superconductivity, since they have been observed in the superconductors with the anisotropic superconducting gap structure such as NbSe 2 26, 45 and YNi 2 B 2 C.
27, 33
Next, we examine the angular-resolved DOS in the magnetic field perpendicular to the c-axis. The DOS is calculated by
Here, · · · SP ≡ 
We set the spatial cutoff length r a = 5ξ, which is comparable to the neighboring vortex distance as the magnetic field H ∼ H c2 /25. The zero-energy DOS drastically decreases, when the magnetic field is applied in the parallel direction to the direction of the nodal quasiparticles (i.e., α M = θ N ), as shown in Fig. 2 . Here, α M denotes the direction of magnetic fields. The order of this reduction is similar to the case of d-wave superconductivity with a cylindrical Fermi surface. 32 In terms of the Doppler shift method, which has been frequently used to analyze experiments, 29, 30 the quasiparticles around a vortex have the Doppler-shift energy δE ∝ v F⊥ · v s , where v s means the superfluid velocity around a vortex and v s ⊥ H. The quasiparticles near the gap nodes mainly contribute to the DOS, since they are excited only by the Doppler-shift energy. In the magnetic field parallel to the gap-node direction, the nodal quasiparticles have no Doppler-shift energy, because v F⊥ = 0. In terms of the KPA, the DOS originating from the bound states around a vortex reduces in the magnetic field parallel to the direction of the nodal quasiparticles, since the quasiparticles along the magnetic field are not bound. The angular-resolved DOS in Fig. 2 can be observed by angular-resolved heat capacity and thermal conductivity measurements, 29, 30 in topological superconductors with point-nodes. In this paper, we do not take the contributions in the DOS originating from the surface bound states into account. Their contributions may be predominant in a small single crystal; indeed, the surface bound states lead to strong anisotropy in the thermal conductivity without a magnetic field, as seen in Ref. 22 . Our results indicate that the anisotropy from the point nodes can be detected by the angular-resolved DOS, even in the bulk, with a rotating magnetic field on the a-b plane.
In conclusion, we proposed two ways to detect the position of point-nodes in the model of superconducting topological insulator Cu x Bi 2 Se 3 with the quasiclassical approach of superconductivity. We reduced 8 × 8 matrix eigenequations to two 1 × 1 scalar Riccati-type differential equations. Furthermore, we applied the KPA, to obtain an explicit formula of the DOS. A twofold shape of the LDOS pattern around a vortex at zero energy splits along the nodal direction with increasing energy in the magnetic fields parallel to the c-axis. The DOS with a rotating magnetic field on the a-b plane has deep minima in the magnetic field parallel to the directions of point nodes. All the theoretical predictions are detectable via standard experimental techniques, including the STM and the angler-resolved thermal transport measurements.
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